Abstract. We survey recent progress in the study of moduli of vector bundles on higherdimensional base manifolds. In particular, we discuss an algebro-geometric construction of an analogue for the Donaldson-Uhlenbeck compactification and explain how to use moduli spaces of quiver representations to show that Gieseker-Maruyama moduli spaces with respect to two different chosen polarisations are related via Thaddeus-flips through other "multi-Gieseker"-moduli spaces of sheaves. Moreover, as a new result, we show the existence of a natural morphism from a multi-Gieseker moduli space to the corresponding Donaldson-Uhlenbeck moduli space.
Introduction
Moduli spaces of sheaves play a central role in Algebraic Geometry: they provide intensively studied examples of higher-dimensional varieties (e.g., of hyperkähler manifolds), they are naturally associated with the underlying variety and can therefore be used to define fine invariants of its differentiable structure, and they have found application in numerous problems of mathematical physics.
To obtain moduli spaces in the category of schemes, it is necessary to choose a semistability condition that selects the objects for which a moduli spaces is to be constructed. A vector bundle E on a (smooth) complex curve is called semistable if for any coherent subsheaf F ⊂ E of intermediate rank the slope of F , i.e., the degree of F divided by the rank of F , is less than or equal to the slope of E. Note that the Hilbert polynomial of E is completely controlled by its slope once the rank is fixed. With this definition in place, a projective moduli space for semistable vector bundles of fixed topological type exists and it parametrises so-called S-equivalence classes of semistable vector bundles, see [Ses67] .
Starting in dimension two, the notion of Hilbert polynomial or degree of a given vector bundle is not well-defined, but depends on a further parameter, namely the class of a line bundle H in the ample cone Amp(X) of X. Fixing such an H, one obtains two notions of semistability: a torsion-free coherent sheaf E on X is called slope-semistable (with respect to H) if the slope of any coherent subsheaf of intermediate rank is less than or equal to the slope of E, and it is called Gieseker-Maruyama-or just Gieseker-semistable (with respect to H) if the reduced Hilbert polynomial (i.e., the Hilbert polynomial divided by the rank) of any non-trivial proper coherent subsheaf is less than or equal to the reduced Hilbert polynomial of E. These two notions are related by the fact that the slope is essentially the first non-trivial coefficient of the reduced Hilbert polynomial, when expanded in powers of H. While on the one hand slope-(semi)stability turns out to be very well behaved with respect to restrictions and tensor powers, and to have a very precise differential-geometric meaning (in terms of the existence of Hermite-Einstein metrics), on the other hand it was shown by Gieseker, Maruyama, and Simpson that once the topological invariants are fixed, there exists a projective moduli space M H parametrising S-equivalence classes of Gieseker-semistable sheaves, see [HL10, Chap. 4 ]. Based on these results, two important questions arise naturally:
(Q1) Can a meaningful moduli space M µ H for slope-semistable sheaves be constructed as a projective scheme, and if this is the case, what is its relation to the Gieseker moduli space M H ? (Q2) How does the moduli space M H vary when H varies over the ample cone of X?
It is the aim of this note to summarise known results in the surface case, to explain additional problems that arise in higher dimensions, and to discuss recent progress in both directions made by the authors in [GRTI] , [GRTII] , and [GT13] .
1.1. The surface case. In dimension two, the problems outlined above have attracted a lot of interest due to the connection with Donaldson invariants [Don90] , and questions (Q1) and (Q2) have been investigated by a number of authors. From this, a rather complete geometric picture has emerged: (Q1) Given the class of an ample divisor H on a smooth projective surface X, a moduli space for H-slope-semistable sheaves has been constructed by Jun Li [Li93] and Le Potier [LeP92] using a certain determinant line bundle on the Gieseker moduli space M H . Two slopesemistable sheaves give the same point in M µ H if and only if the double dual of the graded objects Gr associated with their respective Jordan-Hölder filtration are isomorphic and if additionally the 0-cycles obtained by taking the quotient of Gr * * by Gr coincide. Using this description, Jun Li and also Morgan [Mor93] were able to show that the projective scheme M (Q2) The ample cone of X supports a locally finite chamber structure given by linear rational walls so that the notion of slope-/Gieseker-semistability (and hence the moduli space) does not change within the chambers, see [Qin93] . Moreover, at least when the discriminant of the sheaves under consideration is sufficiently big, moduli spaces M H 1 and M H2 corresponding to two chambers separated by a common wall are birational, see e.g. [HL10, Prop. 4.C.6], and the passage from one to the other can be described explicitly in the following two ways: First, Matsuki and Wentworth [MW97] showed that M H 1 and M H2 are connected by a finite sequence of Thaddeus-flips passing through Gieseker moduli spaces M H+A k of (twisted-)semistable sheaves, where H is a rational polarisation lying on the wall and A k is a suitable rational ample polarisation; similar results were also obtained for example by Ellingsrud and Göttsche [EG95] . Second, it was shown (again in the case of large discriminant) by Hu and Li [HL95] that the situation is even simpler if one first passes from the Gieseker moduli spaces M H 1 and M H 2 to the corresponding moduli spaces M µ H 1 and M µ H 2 of slope-semistable sheaves: the latter spaces admit natural birational maps to the moduli space M µ H of slope-semistable sheaves corresponding to a rational polarisation H lying on the common wall between the chambers containing H 1 and H 2 . We emphasise that both results depend in a crucial way on the fact that the polarisation H lying on the wall is rational.
1.2. New problems appearing in higher dimensions. On the differential-geometric side of (Q1), generalising the Donaldson-Uhlenbeck compactification to higher-dimensional base manifolds, Tian [Tia00] has constructed a natural gauge-theoretic topological compactification of the moduli space of stable holomorphic vector bundles, which is known to exist as an open separated complex-analytic subspace of the space of moduli space of simple bundles [KO89] or as a gauge-theoretic moduli space [Kob87] : he completes the space of Hermitian-Yang-Mills connections by allowing so-called generalised self-dual instantons at the boundary. However, while it is generally expected that for any compact Kähler manifold and any moduli space of stable bundles there exists a complex-analytic compactification (even one that carries a natural Kähler structure, see for example the discussion in [Tel08, Sect. 3.2]), it is not known whether or not the topological compactification of Tian carries a complex structure. Jun Li's algebro-geometric construction in the surface case uses the Mehta-Ramanathan Theorem, which allows one to restrict slope-semistable sheaves to hyperplane sections, and the fact that on surfaces hyperplane sections are curves, on which the notion of slope-semistability has an interpretation in terms of Geometric Invariant Theory (GIT). A priori, this strategy runs into problems in higher dimensions, as there is no analogous GIT-interpretation of slopesemistability on a hyperplane section of dimension two or higher.
In the past, there have been several attempts to extend to higher-dimensional base manifolds the results concerning (Q2) describing the chamber structure and the variation of moduli spaces for sheaves on surfaces. However, in each of these approaches fundamental problems appear:
On the one hand, Qin immediately remarks that his definition of "wall" will run into problems in higher dimensions, as the walls so defined will not be locally finite inside the ample cone, see [Qin93, Ex. I.2.3]. On the other hand, Schmitt [Sch00] looks at segments between two integer ample classes inside the real span of the ample cone, and defines a finite set of walls in the segment, so that on the complement of these walls the notion of semistability does not change. However, he also gives an example [Sch00, Ex. 1.1.5] (which upon closer inspection turns out to be generic) of a Calabi-Yau threefold with Picard number two for which at least one such wall does not contain any rational point at all! More precisely, he exhibits threefolds X with Picard number equal to two carrying rank two vector bundles E that are slope-stable with respect to some integral ample divisor H 0 and unstable with respect to some other integral ample divisor H 1 such that the class H λ := (1 − λ)H 0 + λH 1 for which E becomes strictly semistable is irrational. This irrationality can be traced back to the fact that the slope of a fixed sheaf E changes in a non-linear way as the polarisation varies over the ample cone, cf. Sections 2.1 and 2.2. Hence, comparing to the surface case, it is a priori unclear what should replace the moduli spaces corresponding to polarisations lying on walls that were used in Hu-Li's and Matsuki-Wentworth's work on question (Q2).
At this point, we note that classes corresponding to points on non-rational walls inside the ample cone are Kähler, i.e., they can be represented by Kähler forms ω on the underlying projective manifold X. To define stability with respect to such an ω, for a torsion-free sheaf E consider the quantity [DT98] or [Tho00] . In this context, the notions of slope-and Gieseker-semistability have been extended in many different directions, and Rudakov [Rud97] was one of the first to place these in the context of general abelian categories. This has since been built on for example by Joyce's epic [JI-JIV] and other works that use this (and generalisations to triangulated categories) to understand the wall crossing formulae that govern the change of generating functions for these invariants as the stability condition varies, see also [JS12] . Most of the generalised stability conditions defined in this paper fall under Joyce's definitions; however, his work does not consider (or really has use for) the geometry of the coarse moduli spaces, and instead works throughout with the relevant kinds of stacks.
On the other hand, also in this more abstract setup it is highly instructive to investigate the change in geometry of coarse moduli spaces in more detail. For example, in [ST11] the fact that two moduli spaces are related by a variation of GIT was used to prove a relationship between certain generating functions for MNOP and stable pair invariants, and in [KL13] a master space construction is used to study the change in the degree of virtual cycles on moduli stacks of stable objects in the derived category of a projective manifold.
The results presented in Section 4.1 in particular apply to moduli of sheaves on Calabi-Yau threefolds, and it would be interesting to investigate whether they have interesting consequences in the theory of (generalised) Donaldson-Thomas invariants.
That the classical and the modern approaches interact nicely is also shown by recent work of Bertram, who reinterprets and clarifies the work of Matsuki-Wentworth in the language of Bridgeland stability conditions on the bounded derived category of the given surface, see [Ber14] and [Ber15] . It is an interesting open question whether an analogous interpretation can be found for the work presented in Section 4.2 below.
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Conventions. For simplicity, unless mentioned otherwise, we always assume the base space X of the sheaves considered to be a smooth projective variety over the complex numbers C, although many parts of the discussion can be carried out on more general schemes.
2. Slope-semistability and boundedness 2.1. Slope-semistability. While classically slope-semistability was considered as being given by the choice of an ample divisor class, our point of view is different, and we consider curve classes instead:
Let α be a class in N 1 (X) R = N 1 (X) ⊗ R, the space of 1-cycles on X modulo numerical equivalence. A coherent sheaf E on X is called (semi)stable with respect to α or simply α-(semi)stable if it is torsion-free, and if additionally for any proper non-trivial coherent subsheaf F of E we have
The quantity µ α (F ) is called the slope of F with respect to α. For the notion of semistability to have reasonable properties, some positivity of α must be assumed (for instance it should at least be movable in the sense of [BDPP] ). For us, the following special cases will be important:
is an integer ample class and n = dim X. Then, µ α is the slope in the classical sense, and we refer to this as H-(semi)stability. (integral) ample classes in N 1 (X), the space of divisors moduli numerical equivalence, and will refer to this as (semi)stability with respect to the multipolarisation (H 1 , . . . , H n−1 ). In all of these cases, a semistable sheaf will be called polystable if it is a direct sum of stable sheaves.
The study of semistability with respect to a multipolarisation was introduced in [Miy87] , and has later been extended to include a discussion of semistability with respect to arbitrary movable curve classes [CP11] . Semistability (in this sense) of the tangent sheaf of a projective manifold or a projective variety with singularities as they appear in the Minimal Model Program has played an important role in higher-dimensional classification theory; in addition to the papers already mentioned see for example [KST07] or [GKP11] . For more information we refer the reader to [GKP14] , where some foundational results about semistable sheaves are established in this general context.
From divisors to curves.
Many previous efforts to study the variation of slope-stability consider the case (1) where α = [H] n−1 and consider the change of semistabilty as [H] varies over the real span Amp(X) R of the ample cone inside N 1 (X) R = N 1 (X) ⊗ R. Looking at the defining equation (2.1), it becomes clear that in case dim X ≥ 3 the slope µ [H] (E) of a fixed sheaf E changes in a non-linear way with [H] ∈ Amp(X) R , leading to the pathologies of Schmitt previously discussed. In the following paragraphs, we explain how this problem can be resolved if one considers curve classes rather than divisor classes. As a first indication in this direction, one immediately notices that the slope µ α (E) of a given sheaf E varies linearly with α ∈ N 1 (X) R , i.e., the non-linearity issue encountered before disappears.
The first crucial step is to realise that by looking at curve classes one does not lose information concerning divisor classes. For this, we consider the natural map
and let Pos(X) R be the image of p n−1 in N 1 (X) R . We note that Pos(X) R is a generally non-convex, real cone contained in the interior of the movable cone. We call it the positive cone of X. Proposition 2.1 (Injectivity of power maps). The set Pos(X) R is open in N 1 (X) R , and the map p n−1 : α → α n−1 is a homeomorphism from Amp(X) R to Pos(X) R .
The rather elementary proof given in [GT13, Sect. 6.3.1] is based on the Khovanskii-Teissier inequalities and the Hodge Index Theorem.
2.3. Boundedness. The second crucial step in our approach is to obtain boundedness results for families of sheaves that are semistable with respect to curve classes. The proof of the classical case α = [H] n−1 of this result can be found for example in [HL10, Thm. 3.3.7] , and uses in an essential way that H is integral so one is able to take hyperplane sections. When considering curve classes instead of divisors, new ideas are needed, as one encounters the following problems:
(1) To study variation of slope stability one needs boundedness of the set of sheaves (with given topological type) that are semistable with respect to a curve class that is allowed to vary in some given compact subset K ⊂ N 1 (X) R . Even if we restrict to K being a polyhedral subset of Pos(X) R , such a set will contain points that are not of the form
So, even if originally interested in Pos(X) R , we are naturally led to study its convex hull, which will contain points that are far away from being of the form [H] n−1 for some ample class [H] ∈ Amp(X) R . The first issue is dealt with by the following result [GRTI, Thm. 6.8]:
Theorem 2.2 (Boundedness I). Let X be a smooth n-dimensional projective variety over an algebraically closed field k of characteristic zero. Let K ⊂ Pos(X) R be a compact subset. Then, the set of torsion-free sheaves E with fixed Chern classes that are slope-semistable with respect to some class in K is bounded.
The idea of the proof is to connect a class α ∈ Pos(X) R to a class of the form [H] n−1 , where H is a integral ample divisor, and by analysing the change of semistabilty along the resulting segment using the following lemma ("proving boundedness by wall-crossing"):
Lemma 2.3. Let α be any class in N 1 (X) R and H ∈ Amp(X) Q . If a torsion-free sheaf E is slope-semistable with respect to α but not with respect to H, then E is properly semistable with respect to a class α t := (1 − t)α + t[H] n−1 , for some t ∈ [0, 1).
From this, the proof of Theorem 2.2 proceeds by bounding the slope of destabilising subsheaves with the help of the Hodge Index Theorem and Bogomolov's inequality, reducing the problem to the classical boundedness result for [H] n−1 . In fact, the same result holds when the positive cone is replaced by the Kähler cone of X, see [GT13, Prop. 6.3].
Remark 2.4. As the proof uses the Hodge Index Theorem, this is one of the places in this work where the smoothness assumption is essential.
The next theorem [GRTI, Cor. 6 .12] deals with the second issue, at least in a number of special cases.
Theorem 2.5 (Boundedness II). Let X be a smooth projective and K be the convex hull of The main difficulty in proving this boundedness statement is the fact that the curve classes with respect to which semistability is considered might lie outside Pos(X) R . This does not occur when the Picard rank of X is less than three and is easier to deal with when the rank of the torsion-free sheaves is at most two. In the remaining cases we introduce a larger cone than Pos(X) consisting of "positive" curve classes,
This cone coincides with the "positive" component of the cone of curve classes of positive self-intersection when dim(X) = 2. Moreover, it naturally appears in the proof of Bogomolov's Inequality, cf. [HL10, Sect. 7.3]. The miracle that makes the proof of Theorem 2.5 work is that C + (X) is still convex when dim(X) = 3.
Remark 2.6. We expect the above theorem to hold more generally (that is for manifolds of any dimension), and it is natural to ask if it even holds when K is allowed to be a convex polyhedral subset of the interior of the movable cone.
2.4. Linear rational chamber structure on Pos(X) R . Once boundedness has been established, one can study the change of semistability as the polarisation varies over a compact set in the positive cone, see [GT13, Thm. 6.6].
Proposition 2.7 (Chamber structure on Pos(X) R ). For any set of topological invariants of torsion-free sheaves on X and for any compact subset K ⊂ Pos(X) R , there exist finitely many linear rational walls defining a chamber structure witnessing the change in semistability in the following sense: if two elements α and β in K belong to the same chamber then for any torsion-free coherent sheaf E with the given topological invariants, E is α-(semi)stable if and only if E is β-(semi)stable. Moreover, a refined chamber structure can be constructed that additionally witnesses the change of Jordan-Hölder filtrations of semistable sheaves.
Remark 2.8. We note that the chamber structure is not necessarily effective, i.e., the set of semistable sheaves does not necessarily change when a wall is crossed, and that it depends on the chosen set K, i.e., enlarging K toK might introduce new walls (which will be ineffective) in K.
By Proposition 2.1 our chamber structure on Pos(X) R pulls back to a locally finite chamber structure on Amp(X) R witnessing the change of slope-stability. The corresponding walls thus obtained in Amp(X) R are given by equations that are homogeneous of degree n − 1, so, except in the case when dim R N 1 (X) ≤ 2, these need not be linear, see Figure 1 below. This explains the pathologies encountered in the approaches of Schmitt and Qin. More precisely, on the one hand, as we have seen, Schmitt considers segments connecting rational points in Amp(X) R as well as points on these segments where the induced notion of (slope-)stability changes. These separating points are precisely the intersection points of his segments with our walls, which clarifies the appearance of non-rational points in Schmitt's example. At the same time, the non-linearity also explains the pathologies of Qin's linear rational chamber structure on Amp(X) R , and in particular the fact that the latter cannot be locally finite in general.
The rationality of the walls and a repeated use of Hard Lefschetz allow one to prove the following finer property of the chamber structure.
Proposition 2.9 (Representing chambers by complete intersection curves). Let X be a projective manifold of dimension n > 2 and fix some chamber (with respect to some chosen compact set K as above) C ⊂ Pos(X) R of stability polarisations in Pos(X) R . Then, there exist some ample integral classes A and B such that the complete intersection class A n−2 .B lies in C.
We emphasise that the previous proposition makes a statement about every chamber, also about those of non-maximal dimension contained in one or several walls.
As in Schmitt's example [Sch00, Ex. 1.1.5] the Picard number of the base manifold is equal to two, Proposition 2.9 takes the following form: if H defines a non-rational wall in the segment S ⊂ Amp(X) R under consideration, then some real multiple of [H] 2 is equal to [A] .
[B] for some ample integral divisors A and B on X. Therefore, the corresponding stability condition is equivalent to the one defined by the multipolarisation (A, B), at which point the non-rationality problem simply disappears! p n−1 Figure 1 . A cross section through a compact set in N 1 (X) R and its image in N 1 (X) R .
A moduli space for slope-semistable sheaves
We have seen that the "change of polarisation" question (Q2), when investigated on the level of slope-functions, naturally leads to the discussion of slope-stability with respect to classes of 1-cycles on the given projective manifold X. At the same time, the previous discussion shows that in order to solve question (Q1) concerning the existence of moduli spaces of slope-semistable sheaves for an arbitrary class in Pos(X) R it suffices to construct moduli spaces for sheaves that are slope-semistable with respect to multipolarisations (H 1 , . . . , H n−1 ), cf. Proposition 2.9. The latter situation has the huge advantage that up to some multiple the class under consideration has a geometric description: it can be represented by an actual smooth curve arising as the intersection of n − 1 general ample divisors in the linear systems of H 1 , . . . , H n−1 .
In this section we show how to construct a moduli space for (H 1 , . . . , H n−1 )-slope-semistable sheaves.
3.1. Formulation and discussion of results. We recall that it is known that a coarse moduli space M µ-s := M 
To explain the statement in more detail, we remark the following points: 1) A reduced complex-analytic space X is called semi-normal or weakly normal, if for every open subset U ⊂ X the restriction map
is surjective, i.e., if every continuous function that is holomorphic on the regular part of U is already holomorphic on U . Every complex space has a functorial semi-normalisation X wν → X, i.e., maps of spaces lift to maps of semi-normalisations, see for example [Rem94, §15] . Moreover, the semi-normalisation map is a homeomorphism of the underlying topological spaces, i.e., the complex spaces X and X wν differ only in their sheaf of holomorphic functions, which is why the complex structure induced by the semi-normalisation is also called maximal. In other words, the semi-normalisation contains all the topological information about the moduli space, which is important when aiming for the definition and computation of invariants of X via topological invariants of M µ-ss , cf. the theory of Donaldson invariants [DK90] . We will see later where the semi-normality assumption is used in our proof of Theorem 3.1, at this point we remark that Chow varieties of 2-codimensional cycles in X arise as special cases of our construction, cf. Example 3.4 below. These are classically known to have natural scheme structures in dimension two, whereas the higher-dimensional situation is much more subtle, and in general, they are only endowed with the structure of a semi-normal variety, see for example [Kol96, Chap. I, Thm. 3.21]. In this sense, it is not surprising that our construction only yields the maximal complex structure on the topological space underlying M µ-ss (Λ), and not a full scheme structure containing finer information about infinitesimal families of semistable sheaves.
2) The compactification is modular in the following sense: the variety M µ-ss (Λ) is naturally polarised by an ample line bundle O M µ-ss (Λ) (1), and there exists a natural number N having the following property: for every flat family F of (H 1 , . . . , H n−1 )-semistable sheaves with the chosen topological invariants and determinant Λ parametrised by a semi-normal scheme B, there exists a classifying morphism φ F : B → M µ-ss (Λ) such that
where λ F is a certain determinant line bundle on the base B of the family F . The triple (M µ-ss (Λ), O M µ-ss (Λ) (1), N ) is uniquely determined up to isomorphism by this and a further, slightly technical, property, see the original paper [GT13] for details.
3) Fixing the determinant is not a serious restriction, we expect that essentially the same proof will lead to a moduli space that is projective over the component of the Picard variety Pic c 1 (X) parametrising line bundles with first Chern class c 1 on X. As in the traditional proof of the construction of the moduli space of Gieseker-semistable sheaves explained for example in [HL10] , using boundedness we parametrise slope-semistable sheaves by a locally closed subscheme R µ-ss of a suitable Quot-scheme, whose universal family we denote by F . Isomorphism classes of slope-semistable sheaves correspond to orbits of a special linear group G in R µ-ss . We then consider the determinant line bundle λ F on R µ-ss and aim to show that it is generated by G-invariant global sections, at least after passing to the semi-normalisation. Possibly after replacing the divisors H 1 , . . . H n−1 by high enough multiples, by Theorem 3.2 above for every sheaf E contained in the family R µ-ss there exists a smooth complete intersection curve C for the linear systems |H 1 |, . . . , |H n−1 | such that the restricted sheaf E| C is semistable (note that in order to define semistability on C no further choice of polarisation is necessary, cf. the discussion at the beginning of the Introduction). Moreover, using the fact that on the curve C the moduli space of semistable vector bundles can be constructed using Geometric Invariant Theory (whose definition of semistability requires certain invariant sections to exist) and a determinant line bundle computation comparing λ F with the determinant line bundle of the restricted family F | C×R µ-ss , one sees that at least over the locus in R µ-ss where the restricted family stays flat there exists a G-invariant section in some power of λ F that does not vanish on the orbit corresponding to E in R µ-ss . This is the point at which our restriction to semi-normal parameter spaces comes into play: in order to overcome the difficulty created by the lacking flatness of restricted families, we pass to the semi-normalisation and show that sections in powers of λ F extend continuously, and hence holomorphically, over the non-flat locus.
The moduli space M µ-ss (Λ) then arises as the Proj-scheme of a ring of G-invariant sections of powers of λ F over the semi-normalisation of R µ-ss . Afterwards, the universal properties are established using the G-equivariant geometry of R µ-ss .
3.3. Geometry of the moduli space. The fact that M µ-ss (Λ) is a compactification of the moduli space of slope-stable bundles can be generalised to the following more precise statements about the geometry of M µ-ss (Λ), which should be compared with the two-dimensional situation, as described for example in [HL10, Thm. 8.2.11 and Rem. 8.2.17]. Let E be a (H 1 , . . . , H n−1 )-slope-semistable torsion-free sheaf on X. Then, E has a JordanHölder filtration, cf. [HL10, Thm. 1.6.7], such that the associated graded sheaf gr µ E is a direct sum of torsion-free stable sheaves. The double-dual E ♯ := (gr µ E) * * sits in an exact sequence
where Q E is a torsion sheaf supported in codimension two or higher. Using a natural "Quotto-Chow"-morphism, from Q E we can compute a support Chow-cycle of dimension n − 2, which we denote by C E . Let now E and F be two semistable sheaves. Assume that either
Then, E and F give rise to different points in M µ-ss (Λ). If the natural Quot-to-Chow-morphism used to define Q E has connected fibres, the moduli space exactly parametrises pairs (E ♯ , C E ) as above. While this connectedness holds in dimension two due to a result of Ellingsrud-Lehn [EL99] , the same statement fails in higher dimensions, as can be seen by looking at Example 3.3 below. On the other hand, if X is a threefold (for example P 3 ) and E is some fixed stable bundle on X, twisting with the ideal sheaf of varying points in X yields a family of semistable sheaves that will not be separated by the corresponding moduli space, as the determinant line bundle used to define M µ-ss (Λ) is insensitive to the change in codimension three. The necessary computation is similar to [HL10, Ex. 8.1.3(i) and Ex. 8.1.8(ii)].
Example 3.3 (Non-connected fibres of Hilb-to-Chow morphisms). Let dim X ≥ 4, let H be any ample polarisation, and let Z be some subscheme of X of codimension at least three. Denote by P := P H (I Z ) the Hilbert polynomial of the ideal sheaf of Z with respect to H. Then, the corresponding Gieseker moduli space M H (P ) of semistable sheaves with Hilbert polynomial P coincides with the Hilbert scheme Hilb P (O X )−P (X). For each such ideal sheaf the associated codimension-two cycle is the zero cycle, and thus the whole M H = Hilb P (O X )−P (X) red is naturally mapped to a single point in Chow n−2 (X). This map factors through the corresponding moduli space of slope-semistable sheaves M µ-ss (O X ), which consists of precisely m simple points, where m is the number of connected components of Hilb P (O X )−P (X). Thus, M µ-ss (O X ) appears here as the Stein factorisation of a Hilb-to-Chow morphism. Looking at hypersurfaces in P n containing finitely many lines we obtain explicit examples in which m > 1, i.e., in which the fibres of the Hilb-to-Chow morphism are not connected. 
Variation of Gieseker moduli spaces
We have seen that one way to deal with the non-linearity of the chamber structure in Amp(X) R that appears in the change-of-polarisation problem is to pass to a different space (namely Pos(X) R ⊂ N 1 (X) R ) in which the problem is more tractable. While for slope-stability this approach does not destroy any information, from the point of view of Gieseker-stability it ignores everything but the first non-trivial coefficient of the (reduced) Hilbert polynomial. In this section, will see that the variation problem for Gieseker-stability can be tackled by moving to a space of stability conditions that depend on several polarisations. 4.1. Gieseker and multi-Gieseker stability. Recall a torsion-free coherent sheaf E is said to be Gieseker-(semi)stable (with respect to a given ample line bundle L) if for all non-trivial coherent proper subsheaves F of E it holds that
This extends to a definition involving several ample line bundles as follows: let L 1 , . . . , L j 0 be ample line bundles on X and B 1 , . . . , B j 0 be a further collection of line bundles, and suppose σ = (σ 1 , . . . , σ j 0 ) is a non-zero vector of non-negative real numbers. We shall say a torsionfree coherent sheaf E on X is multi-Gieseker-(semi)stable with respect to this data if for all non-trivial coherent proper subsheaves F of E it holds that
for all n ≫ 0.
We stress that we allow the σ j to be irrational, but for the above Euler characteristic to make sense we require L j and B j to be genuine (i.e. integral) line bundles. Since we will be thinking of the L j and B j as fixed, we will sometimes refer to this as σ-stability. Thus, if all the B j are trivial, multi-Gieseker stability is simply a convex combination of Gieseker-stability for each of the L j individually, and thus naturally interpolates between the individual notions of Gieseker-stability as the σ j vary. Moreover, there is a close connection to the notion of slope-stability as discussed in previous sections:
Lemma 4.1 (Comparison between slope and multi-Gieseker-stability). With notation and setup as above, set
Then, for any torsion-free coherent sheaf E the following implications hold slope-stable with respect to γ ⇒ stable with respect to σ ⇒ semistable with respect to σ ⇒ slope-semistable with respect to γ.
Given this, we now state the main results from [GRTI, GRTII] , which for simplicity we do under the additional assumption that X has dimension 3 (in fact all these results hold in some form for singular varieties of all dimension under some additional hypotheses). We fix the topological type (i.e., Chern classes) of the sheaves in question, which we tacitly assume has been done from now on. As is clear, the moduli space M L of Gieseker-semistable sheaves with respect to a single ample line bundle L is a special case of this construction (simply taking all but one of the σ j to be zero). Moreover, just as for M L , the moduli spaces M σ contain an open set parameterising stable sheaves, and the points on the boundary correspond to S-equivalence classes of sheaves.
In the spirit of this paper, our interest in M σ really comes from how it changes as σ varies in R j 0 ≥0 \ {0}. The following result, which is proven in [GRTI, Sect. 4] , shows that by passing from the ample cone to σ-space, the non-linearity and non-rationality issues encountered before disappear. This in turn should be compared with the strategy employed in the case of slope-semistability described in Section 2.4. Using this, we can compare the moduli spaces of Gieseker-stable sheaves with respect to different ample polarisations. We first state a preliminary version of the corresponding result, see [GRTI, Thm. 12 .1]. Here, by a Thaddeus-flip we mean a transformation occurring as a change of Geometric Invariant Theory (GIT) stability on a fixed "master space". More precisely, we say two schemes X + and X − are related by a Thaddeus-flip if there exists a quasi-projective scheme R with an action of a reductive group G and stability parameters σ + , σ − , σ such that there exists a diagram of the form
where R ss,σ denotes the set of points that are GIT-semistable with respect to σ, and the morphisms ψ ± are induced by inclusions R ss,σ + ⊂ R ss,σ ⊃ R ss,σ − . We emphasise that a Thaddeus-flip is not necessarily a flip in the sense of birational geometry, since a priori even if all the spaces involved are non-empty, this transformation could be a divisorial contraction or contract an irreducible component. However, from the theory of Variation of GIT due to Thaddeus [Tha96] and Dolgachev-Hu [DH98] it will consist of a sequence of birational flips under certain circumstances.
Remark 4.5. We note that while such a result was expected to be true by many experts, as explained in the introduction the methods of Matsuki and Wentworth [MW97] employed in the surface case do not generalise to higher dimensions. Moreover, the most natural alternative approaches run into problems, as we will indicate in Section 4.2 below.
Having established such a variation result, we can be more ambitious and ask for information as to the kind of Thaddeus-flips between such moduli spaces. More specifically, we ask if they can be given a interpretation as moduli spaces of sheaves of some kind. Although we have not answered this in full generality, we develop in [GRTII] a framework that strongly suggests this is always the case. In particular, we obtain the following results: Part (1) is precisely what was proven by Matsuki and Wentworth in [MW97] . The definition of being "separated by a single wall of the first kind" is a certain genericity assumption on L 1 and L 2 , for which we refer the reader to [GRTII, Def. 7.5] (and which is likely not to be necessary).
4.2.
From sheaves to representation of quivers. We now sketch the main ideas involved in the construction of the moduli space of multi-Gieseker semistable sheaves and the derivation of the variation results. The general philosophy is adapted from the strategy put forward and executed byÁlvarez-Cónsul and King in [ACK07] ; see also the survey [ACK09] .
Let us first recall the classical construction of the Gieseker moduli space, see [HL10, Chap. 4]: For any coherent sheaf E living in a bounded family we can choose n sufficiently large and uniformly over the family so that E ⊗ L n is globally generated, i.e., the evaluation
where V is a fixed vector space of the appropriate dimension, we can thus consider E ⊗ L n as a point in the Quot scheme of the trivial bundle with fibre V . Expanding slightly, letting H := H 0 (L m−n ), we have that for m sufficiently large the natural multiplication
is surjective, and thus gives a point in a Grassmannian of V ⊗ H. The different choices of isomorphism correspond to the orbits of this point under the natural GL(V )-action, thus the moduli space desired is the quotient with respect to GL(V ). This quotient can be constructed using GIT, and it is at this stage that the stability condition enters. So, while the Gieseker moduli spaces with respect to several given ample polarisations are all constructed by GIT, each one of them is the quotient of a different Grassmannian by a different group action. In the situation where one wants to compare these moduli spaces, one could of course consider the product of the Grassmannians and some "diagonal" embedding, but then the natural polarisations induced on the product are not ample or even big, and it is not clear how to proceed from here.
The main insight ofÁlvarez-Cónsul and King is the observation that it is possible to delay the point at which one picks the rigidifying isomorphism in (4.1). We again refer the reader to the original paper [ACK07] and especially to the survey [ACK09] for a thorough exposition of this approach, here we now shall discuss our generalisation of their construction. For simplicity, we restrict to the case of two polarisations; so, suppose L 1 and L 2 are very ample line bundles, and
. Then, to any coherent torsion-free sheaf E and integers m > n we associate the following diagram of linear maps, which we denote by Φ(E):
. Here, the maps are the natural multiplication maps, and the decoration H ij indicates that the multiplication goes from the tensor-product with the source to the target; so for example, the top row is the multiplication
The first point we make is that it is possible to choose m ≫ n ≫ 0 sufficiently large so that this diagram "recovers" the sheaf E , up to isomorphism (in fact one can recover E from just the top row (4.2) of the diagram, as is done in the classical construction of the Quot scheme). More conceptually, we can think of Φ(E) as a representation of the quiver Q that has 4 vertices and dim(H ij ) arrows between the appropriate vertices. As such, the association E → Φ(E) is a functor that allows us to embedd the category of (suitably regular) sheaves into the category of representations of Q.
Theorem 4.7 (Embedding regular sheaves into a category of quiver representations). For m ≫ n the following holds: for any sheaves E, F (of given topological type) that are n-regular with respect to both L 1 and L 2 , the map
is an isomorphism. This in particular implies that E → Φ(E) is injective on (isomorphism classes of) objects, and thus E can be recovered from Φ(E).
Remark 4.8. In the setup of Theorem 4.7, the regularity assumption and the assumption m ≫ n imply, among other things, that E ⊗ L n i and E ⊗ L m j are globally generated, and that the maps
is zero, and thus f = 0. Surjectivity can be proved with a lengthy diagram chase, which again uses the regularity assumption on E and F , and depends in a crucial way on the fact that the quiver Q contains diagonal arrows relating the two rows; see [GRTI, Sect. 5] for an alternative proof using pushout diagrams.
Using the embedding Φ, we can now employ earlier work of King [Kin94] that uses Geometric Invariant Theory to produce moduli spaces of representations of a given quiver. To do so, King introduces a notion of stability for quiver representations, which for our purpose we present as follows: A representation R of Q is given by a diagram of linear maps of the form
for some finite dimensional vector spaces V j and W j (which to avoid pathologies we assume to be non-trivial). Given non-negative rational numbers σ 1 , σ 2 we define the slope of R to be the quantity
and R is said to be (semi)stable if µ(R ′ ) < (≤)µ(R) for all proper non-trivial subrepresentations R ′ of R.
We note in passing that [ACK07] uses a smaller quiver, the so-called Kronecker quiver
to construct the Gieseker moduli space. What makes our quiver more interesting is the existence of a non-trivial space {(σ 1 , σ 2 ) | σ j ∈ R ≥0 } of stability conditions that one can vary (whereas for the Kronecker-quiver there is essentially only one), and it is this aspect that allows us to study the change-of-polarisation problem using this machinery. Now, King proved that there exists a projective moduli space Q of semistable representations of Q (where the V i and W i are required to have the correct dimension determined by the topological type of the sheaves in question). Then, the moduli space of sheaves M σ can be constructed as a subscheme of Q, so long as the stability notions for sheaves and representations match up, which is the content of the next statement, see [GRTI, Thm. Remark 4.10. Observe that in the final statement of Theorem 4.9 we require the σ j to be strictly positive. As a consequence, it is not possible to set all but one of them to be zero in order to directly recover Gieseker-stability with respect to L j in this setup. Hence, extra steps are needed to prove Theorem 4.4 as an application of Theorem 4.9. We plan to revisit this issue in the future and to show that these extra steps can be avoided.
The essence of the idea of the proof can be seen as follows. Recall that by definition a torsion-free sheaf E is multi-Gieseker-semistable if and only if for all non-trivial proper subsheaves F of intermediate rank we have
Using that the rank is the leading order term of the Hilbert-polynomial and vanishing of higher cohomology, one sees easily that this inequality is equivalent to
for all m ≫ n ≫ 0.
But this precisely says that µ(Φ(F )) ≤ µ(Φ(E)). Thus, what remains is (a) to show that one can take m, n uniformly over all sheaves of interest and (b) that to test for stability of Φ(E) it is sufficient to consider only subrepresentations of the form Φ(F ) for some subsheaf F ⊂ E. Both points are rather technical to establish, based on a tailored version of the Le Potier-Simspon estimate, and we refer the reader to [GRTI, Sects. 7 and 8] for details.
To sum up the discussion: those representations of Q that are of the form Φ(E) for some sufficiently regular semistable sheaf E form a locally closed subscheme of the appropriate space R of representations of Q, which in addition is saturated with respect to the relevant GIT-quotient by Theorem 4.9. So, one concludes that M σ exists as a quasi-projective scheme, which in fact is projective by an appropriate version of Langton's Theorem.
The existence of Thaddeus-flips between two such moduli spaces now comes from general theory, since we have used the same embedding (Theorem 4.7) for all stability parameters σ. As all the moduli spaces involved are constructed via GIT from R, general statements from variation of GIT [Tha96, DH98] apply to our fixed master space to establish the claim of Theorem 4.4. 4.3. Semistability with respect to Kähler polarisations. As we have seen in the introduction, the change-of-polarisation problem naturally leads to question (Q3) concerning the existence of moduli spaces of sheaves that are Gieseker-semistable with respect to a nonrational class in Amp(X) R . Using the machinery of multi-Gieseker moduli spaces discussed above, we are able to give a positive answer to question (Q3) in [GRTI, Thm. 11.6]:
Theorem 4.11 (Projective moduli spaces for ω-semistable sheaves). Let ω ∈ N 1 (X) R be a real ample class on a smooth projective threefold X. Remark 4.12. It is likely that the assumption that X has dimension three is not really necessary. For partial results in dimensions greater than three, the reader is referred to [GRTII, Sect. 5] . We emphasise that the above moduli spaces are projective despite us using a real class to define the stability condition, contrary to the expectation expressed for example in [Sch00, p. 217, after Main Theorem]. Moreover, as Schmitt's example [Sch00, Ex. 1.1.5] shows, in general these moduli spaces are new in the sense that they are not at the same time moduli spaces of sheaves that are Gieseker-semistable with respect to some ample class on X. We note that on the other hand the existence problem for moduli spaces of Gieseker-semistable sheaves on arbitrary compact Kähler manifolds is wide open and that the techniques used here rely in a crucial way on the projectivity of X.
The proof of Theorem 4.11 consists of two steps: first, using Proposition 2.1 we show that for every class [ω] ∈ Amp(X) R there exist line bundles L 1 , . . . , L j 0 and (possibly irrational) positive numbers σ 1 , . . . , σ j 0 such that the reduced "Hilbert polynomial"
with respect to [ω] is equal to the reduced multi-Hilbert polynomial with respect to the data L j , σ j . We then observe that since the chamber structure for multi-Gieseker semistability on R j 0 ≥0 is given by linear rational walls, see Theorem 4.3, we can perturb the σ j to be rational without changing the notion of stability. Then, the moduli space M σ constructed in the previous section is the moduli space for [ω]-semistable sheaves.
The multi-Gieseker-to-Uhlenbeck morphism
In this final section, we establish a connection between the two moduli problems considered above by proving the existence of a multi-Gieseker-to-Uhlenbeck morphism.
Let X be a projective manifold of dimension n. Fixing ample line bundles L 1 , . . . , L j 0 , recall from Lemma 4.1 that, if σ = (σ 1 , . . . , σ j 0 ) with σ j ∈ Q ≥0 not all zero, any σ-semistable torsionfree coherent sheaf E is slope-semistable with respect to γ = j σ j c 1 (L j ) n−1 ∈ N 1 (X) Q . For the remainder of the section, we suppose that γ belongs to Pos(X) R .
Fixing topological invariants, a moduli space M σ for σ-semistable sheaves exists by Theorem 4.2, and we denote by M σ (Λ) the subscheme of M σ that parametrises sheaves with determinant line bundle Λ. On the other hand, it follows from Proposition 2.9 and Theorem 3.1 that there exists a semi-normal moduli space M µ-ss (Λ) for sheaves of the chosen topological type with determinant Λ that are slope-semistable with respect to γ. As in the classical case [LeP92, Li93] , these moduli spaces are related as follows: Before we give a proof of Proposition 5.1 in Section 5.2 below, we first establish some general results concerning the interplay of good quotients and semi-normalisations needed for the proof.
5.1. Good quotients and semi-normalisations. In the following, by variety we mean a reduced separated scheme of finite type over the complex numbers, in particular, a variety is potentially reducible.
Lemma 5.2. Let G be a complex reductive Lie group, and let X be a semi-normal algebraic G-variety that admits a good quotient π : X → X/ /G. Then, X/ /G is semi-normal.
Proof. Let µ : X ν → X be the normalisation of X. The group G acts on X ν in such a way that µ is G-equivariant. Then, the good quotient π ν : X ν → X ν / /G exists, and X ν / /G is a normalisation of X/ /G. Moreover, by the universal properties of π ν and of the seminormalisation (X/ /G) wν → X/ /G, we obtain the following commutative diagram: The map π ν maps µ-fibres to µ G -fibres; in other words,
for all x ∈ X. (5.1)
Recall from [GT13, Sect. 2.3] that X/ /G is semi-normal if and only if the complex space associated with X/ /G is semi-normal. Let U ⊂ X/ /G be an open subset (in the Euclidean topology), and let f be holomorphic on µ −1 G (U ) and constant on µ G -fibres. Owing to the construction of the semi-normalisation, see e.g. [Rem94, §15] , to prove our claim it suffices to show that f descends to a holomorphic function on U .
The pull-back (π ν ) * (f ) =:f of f via π ν is G-invariant and holomorphic on (π ν ) −1 (µ −1 G (U )), and in addition constant on µ-fibres by (5.1). As X is semi-normal by assumption, and as µ is G-equivariant,f descends to a G-invariant holomorphic function on π −1 (U ). Since π is a categorical quotient also in the analytic category by [Lun76] , there exists a holomorphic functionf on U such that π * (f ) =f . By construction, (µ G ) * (f ) = f , i.e., f descends to U , as desired.
Lemma 5.3 (Taking quotients commutes with seminormalisation). Let G be a complex reductive Lie group, and let X be an algebraic G-variety which admits a good quotient π : X → X/ /G. Then, the good quotient X wν / /G of the action of G on the semi-normalisation X wν exists and X wν / /G is isomorphic to the semi-normalisation (X/ /G) wν .
Proof. Let µ : X wν → X be the semi-normalisation. The composition π • µ is a G-invariant affine morphism, and hence it follows from [AE12, Thm. 1.1] that the good quotient X wν / /G exists. It follows from [Lun76] that every good quotient is also a semistable quotient in the sense of [HMP98] . Additionally, we note that X wν / /G is semi-normal by Lemma 5.2 above. Based on the universal properties of semi-normalisations and categorical quotients, we obtain the following commutative diagram As semi-normalisation maps are homeomorphisms, and since semistable quotiens are also categorical quotients in the topological category [HMP98, p. 235], we conclude that both ψ and ϕ are homeomorphic. But then ϕ is biregular by [Rem94, (15.4) ], as claimed.
